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SEGAL FRE´CHET ALGEBRAS
F. ABTAHI, S. RAHNAMA AND A. REJALI
Abstract. Let (A, pℓ)ℓ∈N be a Fre´chet algebra. In this paper, we intro-
duce the concept of Segal Fre´chet algebra and investigate known results
about abstract Segal algebras, for Segal Fre´chet algebras. Also we recall
the concept of approximate identities for topological algebras and provide
some remarkable results for Segal Fre´chet algebras. Moreover, we verify
ideal theorem for Fre´chet algebras and characterize closed ideals of Segal
Fre´chet algebra (B, qm)m∈N in (A, pℓ)ℓ∈N.
0. Introduction
Segal algebras were first defined by H. Reiter for group algebras in [20]. Then
Burnham [2] introduced the notion of abstract Segal algebra in Banach algebra
(A, ‖.‖A). As an important result, he showed that approximate identities in the
proper abstract Segal algebras can not be bounded. Also he examined ideal
structure of a class of Banach algebras that subsume Cigler’s normed ideals [6]
and Reiter’s Segal algebras [19, Page 127]. Moreover, he proved that if (B, ‖.‖B) is
a commutative abstract Segal algebra in (A, ‖.‖A) with an approximate identity,
then there is a one to one correspondence between the closed ideals ofB and those
of A. We also found many other valuable results in [1]. In fact he considered
the relationship between the Banach algebras (A, ‖.‖A) and (B, ‖.‖B), whenever
B is also a left ideal in A. For example, he proved that if ‖b‖A ≤ D‖b‖B, for
all b ∈ B and some D > 0, then B is a Banach left A−module [1, Theorem 2.3].
Moreover, he showed that if there is the certain above inequality between ‖.‖A
and ‖.‖B, and also B is a Banach left A−module, then B is a left ideal in clA(B),
closure B in A [1, Proposition 2.1]. In fact these observations lead to summarize
the definition of abstract Segal algebras. We also refer to [3], [4], [6], [7], [8], [10],
[11] and [21], which contain valuable results related to this subject.
Some of the notions related to Banach algebras, have been introduced and
studied for Fre´chet algebras. For example, the notion of amenability of a Fre´chet
algebra was introduced by A. Yu. Pirkovskii [18]. He generalized some theorems
about amenability of Banach algebras such as strictly flat Banach A-bimodule,
virtual diagonal and approximate diagonal of Banach algebras, to Fre´chet alge-
bras. Also in [16], P. Lawson and C. J. Read introduced and studied some no-
tions about approximate amenability and approximate contractibility of Fre´chet
algebras.
The present work is essentially raised from the available results in the field
of abstract Segal algebras. Let (A, pℓ)ℓ∈N be a Fre´chet algebra. According to
the definition of abstract Segal algebras [2], we first introduce the concept of
Segal Fre´chet algebra in (A, pℓ)ℓ∈N. To provide an example about Segal Fre´chet
algebra, we verify the results of Burnham and Barnes for Segal Fre´chet algebras
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and show that Proposition 2.1 and Theorem 2.3 of [1] are valid for Segal Fre´chet
algebras, as well. It follows that as in abstract Segal algebras, the definition of
Segal Fre´chet algebra can be summarized. Moreover, we recall the concept of
approximate units, multiple approximate identity and approximate identity for
Fre´chet algebras and investigate [2, Theorem 1.2] for Segal Fre´chet algebras and
obtain the same result. Indeed, we prove that if (B, qm)m∈N is a proper Segal
Fre´chet algebra in (A, pℓ)ℓ∈N which contains an approximate identity (eα), then
(eα) can not be bounded in (B, qm)m∈N. At the end, we verify ideal theorem
and characterize closed left ideals of a Segal Fre´chet algebra. In fact we show
that every closed left ideal of any Segal Fre´chet algebra in (A, pℓ)ℓ∈N, is the
intersection of a closed left ideal of A with B.
1. Preliminaries
In this section, we present some basic definitions related to Fre´chet algebras,
which will be required throughout the paper. See [12], [13] and [17], for more
information.
A locally convex topological vector space E is a topological vector space in
which the origin has a local base of absolutely convex absorbent sets. A collection
U of zero neighborhoods in E is called a fundamental system of zero neighbor-
hoods, if for every zero neighborhood U , there exists a V ∈ U and an ε > 0 such
that εV ⊂ U . Throughout the paper, all locally convex spaces are assumed to
be Hausdorff. S ⊆ E is called bounded if for every zero neighborhood U , there
exists scalar λ such that S ⊆ λU ; it is called balanced if for each α ∈ C with
|α| ≤ 1, αS ⊆ S. Moreover S is called absorbing if for each x ∈ E, there is the
scalar λ such that x ∈ λS.
A family (pα)α∈A of continuous seminorms on E is called a fundamental
system of seminorms, if the sets
Uα = {x ∈ E : pα(x) < 1} (α ∈ A)
form a fundamental system of zero neighborhoods. We refer to [17, page 251],
for more details. Every Hausdorff locally convex space E has a fundamental
system of seminorms (pα)α∈A; equivalently a family of the seminorms satisfying
the following properties:
(i) For every x ∈ E with x 6= 0, there exists an α ∈ A with pα(x) > 0;
(ii) For all α, β ∈ A, there exist γ ∈ A and C > 0 such that
max(pα(x), pβ(x)) ≤ Cpγ(x) (x ∈ E);
see [17, Lemmas 22.4,22.5].
Now let E be a locally convex space and (pα)α∈Λ be a fundamental system
of seminorms. A subset B of E is bounded if and only if supx∈B pα(x) <∞, for
each α ∈ Λ.
We recall [17, Proposition 22.6], which is very useful in our later discussions.
Proposition 1.1. Let E and F be locally convex spaces with the fundamental
system of seminorms (pα)α∈A in E and (qβ)β∈B in F . Then for every linear
mapping T : E −→ F , the following assertions are equivalent.
(i) T is continuous.
(ii) T is continuous at 0.
(iii) For each β ∈ B there exist an α ∈ A and C > 0, such that
qβ(T (x)) ≤ Cpα(x),
3for all x ∈ E.
It should be noted that by [13, page 24], if (E, pµ), (F, qλ) and (G, rν) are locally
convex spaces, and θ : E×F → G is a bilinear map, then θ is jointly continuous
if and only if for any ν0 there exist µ0 and λ0 such that the bilinear map
θ : (E, pµ0)× (F, qλ0 ) −→ (G, rν0 )
is jointly continuous. In other words there exists C > 0 such that
rν0(θ(x, y)) ≤ Cpµ0(x)qλ0 (y),
for all x ∈ E and y ∈ F . Recall from [22] that bilinear map f from E×F into G
is said to be separately continuous if all partial maps fx : F → G and fy : E → G
defined by y 7→ f(x, y) and x 7→ f(x, y), respectively, are continuous for each
x ∈ E and y ∈ F . By [22, chapter.III.5.1], both types of continuity coincide in
the class of Fre´chet spaces and in particular, Banach spaces. In such a situation,
we use only ”continuous” phrase. A topological algebra A is an algebra, which
is a topological vector space and the multiplication A × A −→ A, defined by
(a, b) 7→ ab is a jointly continuous mapping; see [12, Definition (3.1.5)]. A locally
m-convex Fre´chet algebra (lmc Fre´chet algebra) is a complete topological algebra,
whose topology is given by a countable family of increasing submultiplicative
seminorms; see [12] and [14] for more information. For convenience, throughout
the paper, we use the label ”Fre´chet algebra”, instead of ”lmc Fre´chet algebra”.
2. Introduction of Segal Fre´chet algebra
A Banach space (B, ‖.‖B) is called an abstract Segal algebra of (A, ‖.‖A) if
the following statements are satisfied:
(A1) B is a dense left ideal in A.
(A2) There exists M > 0 such that ‖f‖A ≤M‖f‖B, for each f ∈ B.
(A3) There exists C > 0 such that ‖fg‖B ≤ C‖f‖A‖g‖B, for each f, g ∈ B.
Equivalently, (B, ‖.‖B) is an abstract Segal algebra of (A, ‖.‖A) if it is continu-
ously embedded in A and also it is a Banach left A−module. Retrieved from this
definition, we introduce the concept of Segal Fre´chet algebra as the following.
Definition 2.1. A Fre´chet algebra (B, qm)m∈N is a Segal Fre´chet algebra in a
Fre´chet algebra (A, pℓ)ℓ∈N if the following conditions are satisfied:
(i) B is a dense left ideal in A.
(ii) The map
(2.1) i : (B, qm)m∈N −→ (A, pℓ)ℓ∈N, a 7→ a, (a ∈ B)
is continuous.
(iii) The map
(2.2) (B, pℓ)ℓ∈N × (B, qm)m∈N −→ (B, qm)m∈N, (a, b) 7→ ab, (a, b ∈ B)
is jointly continuous.
B is called a symmetric Segal Fre´chet algebra in A, if B is a dense two-sided
ideal in A and (2.1) and (2.2) hold. Moreover the map
(B, qm)m∈N × (B, pℓ)ℓ∈N −→ (B, qm)m∈N, (a, b) 7→ ab, (a, b ∈ B)
is jointly continuous.
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Note that the concept of Segal Fre´chet algebra is coincided to the concept of
abstract Segal algebras, in the case where A and B are Banach algebras.
For presenting an example about Definition 2.1, we shall make some prepara-
tions.
Remark 2.2. Let (B, qm)m∈N be a Segal Fre´chet algebra in Fre´chet algebra
(A, pℓ)ℓ∈N.
(1) As in Banach algebras, conditions (ii) and (iii) in Definition 2.1, can
be given similar to (A2) and (A3) in the definition of abstract Segal
algebras. In fact Proposition 1.1 implies that condition (ii) in Definition
2.1 is equivalent to the fact that, for every ℓ ∈ N, there exist Mℓ > 0
and mℓ ∈ N such that, pℓ(b) ≤ Mℓqmℓ(b), for all b ∈ B. Moreover by
[13, Page 24], continuity of the map in (iii) is equivalent to the fact that
for every m ∈ N there exist Km > 0 and ℓm, nm ∈ N such that for all
a, b ∈ B,
qm(ab) ≤ Kmpℓm(a)qnm(b).
(2) As in abstract Segal algebras, since B is a dense subspace of A, we can
extend the continuous map (2.2) to the unique continuous map
(A, pℓ)ℓ∈N × (B, qm)m∈N −→ (B, qm)m∈N, (a, b) 7→ ab.
Indeed, since
(B, pℓ)ℓ∈N × (B, qm)m∈N −→ (B, qm)m∈N, (a, b) 7→ ab,
is jointly continuous, so it is separately continuous and consequently
both maps
(B, pℓ)ℓ∈N −→ (B, qm)m∈N, a 7→ ab,
and
(B, qm)m∈N −→ (B, qm)m∈N, b 7→ ab,
are continuous, for all a, b ∈ B. It is not hard to see that for each a ∈ A,
the map
(B, qm)m∈N −→ (B, qm)m∈N, b 7→ ab,
is continuous. Moreover by [17, Lemma 22.19], the map
(B, pℓ)ℓ∈N −→ (B, qm)m∈N, a 7→ ab,
has a unique extension to the continuous map
(A, pℓ)ℓ∈N −→ (B, qm)m∈N, a 7→ ab,
for all b ∈ B. It follows that the map
(A, pℓ)ℓ∈N × (B, qm)m∈N −→ (B, qm)m∈N,
is separately continuous. Since A and B are Fre´chet algebra, thus the
map is jointly continuous.
As the main results of this section, we prove Proposition 2.1 and Theorem
2.3 of [1], for the Fre´chet algebras. In fact we show that the definition of Segal
Fre´chet algebra can be summarized. First, we recall closed graph theorem for
the Fre´chet spaces. Let E and F be Fre´chet spaces and T : E −→ F is a linear
mapping such that its graph, {(x, T (x)) : x ∈ E}, is closed in E × F . Then T
is continuous; see [12, B.2].
5Theorem 2.3. Let (B, qm)m∈N be a Fre´chet algebra, which is a left ideal in a
Fre´chet algebra (A, pℓ)ℓ∈N. If the map
i : (B, qm)m∈N −→ (A, pℓ)ℓ∈N a 7→ a
is continuous, then the map
(A, pℓ)ℓ∈N × (B, qm)m∈N −→ (B, qm)m∈N, (a, b) 7→ ab
is continuous.
Proof. Let b ∈ B and define
Tb : (A, pℓ)ℓ∈N −→ (B, qm)m∈N
by Tb(a) = ab, for each a ∈ A. By the closed graph theorem in Fre´chet algebras,
we show that Tb is continuous. Suppose that (an)n∈N is a sequence in A such
that limn→∞ pℓ(an) = 0 and
(2.3) lim
n→∞
qm(Tb(an)− c) = 0,
for all ℓ,m ∈ N and some c ∈ B. We show that c = 0. By the hypothesis for
each ℓ ∈ N, there exist Mℓ > 0 and mℓ ∈ N, such that
pℓ(a) ≤Mℓqmℓ(a), (a ∈ B)
and so for each n ∈ N
(2.4) pℓ(anb− c) ≤Mℓqmℓ(anb− c).
By (2.3), the right hand side of the above inequality tends to zero. The inequality
(2.4) implies that limn→∞ anb = c, in the topology of A. Moreover, since pℓ is
submultiplicative, we have pℓ(anb) ≤ pℓ(an)pℓ(b). It follows that limn→∞ anb =
0, in the topology of A. Thus c = 0, as claimed. Consequently Tb is continuous.
Similarly, one can show that for each a ∈ A, the map Sa : (B, qm)m∈N →
(B, qm)m∈N defined by Sa(b) = ab is continuous. This completes the proof. 
Theorem 2.4. Let (A, pℓ)ℓ∈N and (B, qm)m∈N be Fre´chet algebras, such that B
is a subalgebra of A and both maps given in (ii) and (iii) in Definition 2.1 are
continuous. Then B is a left ideal in clA(B), the closure of B in A.
Proof. Suppose that b ∈ B and a ∈ clA(B). Thus there exists a sequence (an)n∈N
in B such that limn→∞ pℓ(an − a) = 0, for every ℓ ∈ N. Also by Remark 2.2, for
each m ∈ N, there exist Cm > 0 and nm, ℓm ∈ N such that
qm(anb− akb) = qm((an − ak)b) ≤ Cmpℓm(an − ak)qnm(b),
for all n, k ∈ N. Since (an)n∈N is convergent in A, it is a Cauchy sequence in
A, and so (anb)n∈N is a Cauchy sequence in B. Consequently there exists c ∈ B
such that for every m ∈ N, limn→∞ qm(anb − c) = 0. On the other hand by
Remark 2.2, for every ℓ ∈ N, there exist Cℓ > 0 and mℓ ∈ N such that
pℓ(anb− c) ≤ Cℓqmℓ(anb− c).
Since the right hand side of the above inequality tends to zero, limn→∞ anb = c,
in the topology ofA. Also by the continuity of multiplication inA, limn→∞ anb =
ab. It follows that ab = c, and so ab ∈ B. This completes the proof. 
Corollary 2.5. Let (A, pℓ)ℓ∈N and (B, qm)m∈N be Fre´chet algebras, such that B
is a dense subalgebra of A and both maps given in (ii) and (iii) in Definition 2.1
are continuous. Then B is a Segal Fre´chet algebra.
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Remark 2.6. Let (A, pℓ)ℓ∈N and (B, qm)m∈N be Fre´chet algebras. The definition
of Segal Fre´chet algebra may be summarized as the following:
(1) By Theorem 2.3, part (iii) in Definition 2.1 can be omitted. In fact a
Fre´chet algebra (B, qm)m∈N is a Segal Fre´chet algebra in Fre´chet algebra
(A, pℓ)ℓ∈N, if the conditions (i) and (ii) in Definition 2.1 are satisfied.
(2) If B is a dense subalgebra of A, then Corollary 2.5 mentions that in
Definition 2.1, condition (i) can be obtained by (ii) and (iii).
Now we are in a position to provide examples concerning Segal Fre´chet al-
gebras. We found many examples in [23], which satisfy the conditions of Segal
Fre´chet algebras and so can be good examples of our definition.
We explain here Part (b) of [23, Example 3.3], which is a nice example in this
field.
Example 2.7. Let X be a infinite countable set. A function ℓ : X → [1,∞)
is a scale on X . We say that a scale ℓ on X is proper if the inverse map ℓ−1
takes bounded subsets of [1,∞) to finite subsets of X . For the family of scales
ℓ = {ℓn}∞n=0 on X , define
S∞ℓ (X) = {ϕ : X → C, ‖ϕ‖
∞
n <∞, ∀ n ∈ N} ,
where
‖ϕ‖∞n = sup
x∈X
{ℓn(x)|ϕ(x)|} .
Then S∞ℓ (X) is called the sup-norm ℓ−rapidly vanishing functions on X . The
family (ℓn)∞n=0 will satisfy ℓ
0 ≤ ℓ1 ≤ ...ℓn ≤ ..., so that the families of norms
{‖.‖∞n }
∞
n=0 are increasing. Moreover, it is easy to see that all of them are sub-
multiplicative under pointwise product. In fact S∞ℓ (X) is a Fre´chet algebra.
Now consider c0(X), the commutative Banach algebra of complex-valued se-
quences which vanish at infinity, with pointwise multiplication and sup-norm
‖.‖∞. We show that S
∞
ℓ (X) ⊆ c0(X). Suppose on the contrary that there exists
ϕ ∈ S∞ℓ (X) such that ϕ 6∈ c0(X). Thus there is ε > 0 such that for each finite
subset F of X , there exists xF 6∈ F with |ϕ(xF )| ≥ ε. Since ℓ is a proper scale,
thus for each n ∈ N, there exists xn 6∈ ℓ
−1([1, n]) such that |ϕ(xn)| ≥ ε. It
follows that
sup
x∈X
{ℓ(x)|ϕ(x)|} =∞,
which contradicts the assumption of ϕ ∈ S∞ℓ (X). Therefore S
∞
ℓ (X) ⊆ c0(X).
It is easy to see that the inequalities ‖ϕ ψ‖∞n ≤ ‖ϕ‖
∞
n ‖ψ‖∞ are satisfied, for
all ϕ, ψ ∈ S∞ℓ (X). Since S
∞
ℓ (X) contains the space of finite support functions
denoted by c00(X), it follows that S
∞
ℓ (X) is a dense Fre´chet ideal in c0(X), and
so S∞ℓ (X) is a Segal Fre´chet algebra in c0(X).
3. Main results
In this section, we prove some other results of [1] and [2] for Segal Fre´chet
algebras. We require recall the following definitions from [14] and [18].
Definition 3.1. Let (A, pℓ)ℓ∈N be a Fre´chet algebra.
(1) We say that A has left (right) approximate units if for each x ∈ A
and ℓ ∈ N and ε > 0, there exists u ∈ A such that pℓ(ux − x) < ε
(pℓ(xu − x) < ε). Moreover we say that A has a bounded left (right)
approximate units if there exists a bounded subset B of A, such that
for each x ∈ A and ε > 0 and ℓ ∈ N, there exists b ∈ B such that
7pℓ(bx− x) < ε (pℓ(xb − x) < ε).
(2) A has a left (right) multiple approximate identity if given {a1, ..., an} ⊆
A and ε > 0 and ℓ ∈ N, we may find b ∈ A such that
pℓ(bai − ai) < ε (pℓ(aib− ai) < ε),
for all i = 1, 2, ..., n. We further say that A has a bounded left (right)
multiple approximate identity if there exists a bounded subset B of A,
such that for each finite subset {a1, ..., an} of A, we may find b in B,
satisfying the above inequality.
(3) A left (right) approximate identity in A is a net (eα)α∈Λ in A, such that
lim
α
pℓ(eαa− a) = 0 (lim
α
pℓ(aeα − a) = 0),
for all a ∈ A and ℓ ∈ N. It is called a bounded left (right) approximate
identity if {eα, α ∈ Λ} is a bounded set in A. We say that (eα)α∈Λ is
an approximate identity if it is both left and right approximate identity.
We commence with the following result, which is in fact a generalization of
[5, Proposition 2 page 58], to Fre´chet algebras.
Proposition 3.2. Let (A, pℓ)ℓ∈N be a Fre´chet algebra. Then the following state-
ments are equivalent;
(i) A has bounded left approximate units,
(ii) A has a bounded left multiple approximate identity,
(iii) A has a bounded left approximate identity.
Proof. (i) ⇒ (ii). By the hypothesis, there exists a bounded subset B of A
such that for each ℓ ∈ N, supb∈B pℓ(b) ≤ Mℓ, for some Mℓ > 0. Moreover, for
each x ∈ A and ε > 0 and ℓ ∈ N, there exists b ∈ B with pℓ(bx − x) < ε. Set
W = {u+ v − vu : u, v ∈ B}. We show that for each finite subset F of A and
ℓ ∈ N and ε > 0, there exists w ∈ W such that for all x ∈ F , pℓ(wx − x) < ε.
We prove it inductively. First let F = {x1, x2}. So for each ℓ ∈ N, there exist
u, v ∈ B such that
pℓ(x1 − ux1) <
ε
1 +Mℓ
and
pℓ((x2 − ux2)− v(x2 − ux2)) < ε.
Assuming w = u+ v − vu, we have pℓ(xj −wxj) < ε, for j = 1, 2. Now suppose
that (ii) holds for {x1, ..., xn} and consider the finite subset F = {x1, ..., xn+1}
of A. Let αℓ = max{pℓ(xj) : j = 1, ..., n}. Thus for each ℓ ∈ N there exists
y ∈ W such that
pℓ(xj − yxj) <
ε
3(1 +Mℓ)2
, (j = 1, 2, ..., n).
One can choose w ∈ W such that
pℓ(y − wy) <
ε
3αℓ
and pℓ(xn+1 − wxn+1) < ε.
Thus for each j ∈ {1, 2, ..., n}, we have
pℓ(xj − wxj) ≤ pℓ(xj − yxj) + pℓ(yxj − wyxj) + pℓ(wyxj − wxj)
≤ pℓ(xj − yxj) + pℓ(y − wy)pℓ(xj) + pℓ(w)pℓ(yxj − xj)
<
ε
3(1 +Mℓ)2
+
ε
3
+
ε
3(1 +Mℓ)2
(2Mℓ +M
2
ℓ ) < ε,
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which is our claim.
(ii)⇒ (i) is clear.
By [18, Proposition 5.2], (ii) and (iii), are equivalent. 
The following result is interesting in its own right. It is a generalization of a
result due to Burnham [2], for Segal Fre´chet algebras. It shows that the condition
(ii) in Definition 2.1, can be obtained from the conditions (i) and (iii).
Proposition 3.3. Let (A, pℓ) be a Fre´chet algebra with a right approximate
identity denoted by (eα)α, and (B, qm) be a Fre´chet algebra, such that B is a
dense left ideal in (A, pℓ). Also suppose that the map
(A, pℓ)× (B, qm) −→ (B, qm), (a, b) 7→ ab, (a ∈ A, b ∈ B)
is continuous. Then (B, qm) is a Segal Fre´chet algebra in (A, pℓ).
Proof. It is sufficient to show that the map (2.1) is continuous. We will use
Closed graph theorem [17, Theorem 8.8] for Fre´chet algebras. Let (bn) be a
sequence in B such that bn → 0, in the topology of B and bn → c, for some
c ∈ A, in the topology of A. Since (B, qm) is a Fre´chet algebra thus for every
b ∈ B, bnb → 0, in the topology of B. By the hypothesis, bnb → cb, in the
topology of B. Thus cb = 0, for all b ∈ B. Density of B in A implies that ca = 0,
for all a ∈ A. It follows that ceα = 0, for all α. Since ceα →α c, in the topology
of A, therefore c = 0. Thus the result is obtained. 
Corollary 3.4. Let (A, pℓ) be a Fre´chet algebra with an approximate identity,
and (B, qm) be a Fre´chet algebra, such that B is a dense two-sided ideal in (A, pℓ).
Also suppose that the maps
(A, pℓ)× (B, qm) −→ (B, qm), (a, b) 7→ ab, (a ∈ A, b ∈ B)
and
(B, qm)× (A, pℓ) −→ (B, qm), (b, a) 7→ ba, (a ∈ A, b ∈ B)
are continuous. Then (B, qm) is a symmetric Segal Fre´chet algebra in (A, pℓ).
It is known that proper abstract Segal algebras never admit a bounded ap-
proximate identity. In the following result we obtain the same result for Segal
Fre´chet algebras.
Proposition 3.5. Let (B, qm)m∈N be a proper Segal Fre´chet algebra in Fre´chet
algebra (A, pℓ)ℓ∈N, with an approximate identity (eα)α∈Λ. Then (eα)α∈Λ is not
bounded in B.
Proof. Suppose on the contrary that (eα)α∈Λ is bounded in B. Thus for each
m ∈ N, supα∈Λ qm(eα) < Km, for some Km > 0. On the other hand by Remark
2.2, for every m ∈ N, there exist Cm > 0 and ℓm, nm ∈ N such that
qm(ab) ≤ Cmpℓm(a)qnm(b), (a, b ∈ B).
Since (eα) is a bounded right approximate identity for B, for every b ∈ B, ε > 0
and m ∈ N, there exists αm ∈ Λ such that for each α ≥ αm, we have
qm(b) ≤ qm(beα) + ε ≤ Cmpℓm(b)qnm(eα) + ε ≤ CmKnmpℓm(b) + ε.
It follows that for each b ∈ B,
qm(b) ≤ CmKnmpℓm(b) + ε.
Since B is dense in A, it follows that A = B, which is a contradiction. 
9Proposition 3.6. Let (A, pℓ)ℓ∈N be a Fre´chet algebra and B be a dense subal-
gebra of A. Moreover suppose that B has a bounded left approximate identity
(eα)α∈Λ. Then (eα)α∈Λ is a bounded left approximate identity for A.
Proof. Since (eα)α∈Λ is bounded in A, we have pℓ(eα) ≤ Kℓ for each ℓ ∈ N and
some Kℓ > 0. Clearly, we may assume that Kℓ ≥ 1. Let a ∈ A and ℓ ∈ N. Since
B is dense in A, for each ε > 0, there exists b ∈ B such that
pℓ(b − a) <
ε
3Kℓ
.
On the other hand since (eα)α∈Λ is a left approximate identity for B, there exists
αℓ ∈ Λ such that for each α ≥ αℓ,
pℓ(eαb− b) <
ε
3
.
Thus for each α ≥ αℓ we have
pℓ(eαa− a) ≤ pℓ(eαa− eαb) + pℓ(eαb− b) + pℓ(b− a)
≤ pℓ(eα)pℓ(a− b) + pℓ(eαb− b) + pℓ(b− a)
≤ Kℓpℓ(a− b) + pℓ(eαb− b) + pℓ(b − a)
< Kℓ
ε
3Kℓ
+
ε
3
+
ε
3Kℓ
≤ ε.
Consequently (eα)α∈Λ is a left bounded approximate identity for A. 
The following corollary is immediately obtained by Proposition 3.6.
Corollary 3.7. Let (B, qm)m∈N be a Segal Fre´chet algebra in Fre´chet algebra
(A, pℓ)ℓ∈N. Moreover suppose that B has a left approximate identity (eα)α∈Λ
bounded in A. Then (eα)α∈Λ is a bounded left approximate identity for A.
Closed left (right) ideals in symmetric abstract Segal algebras have been char-
acterized. In fact by ideal theorem, for every symmetric Segal algebra S(G),
every closed left (right) ideal I of S(G) is of the form J ∩ S(G), where J is a
unique closed left (right) ideal of L1(G). We refer to [9] and also [20] for the ba-
sic definition of Segal algebras and also all the required information about ideal
theorem. Moreover this theorem has been proved for abstract Segal algebras; see
[1, Theorem 3.1] and [1, Theorem 3.2]. As the final result of the present work,
we prove this result for Segal Fre´chet algebras.
Theorem 3.8. Let (B, qm)m∈N be a symmetric Segal Fre´chet algebra in Fre´chet
algebra (A, pℓ)ℓ∈N. Then the following statements hold.
(a) If J is a left ideal in A, then clA(J)(closure of J in A) is a closed left
ideal in A.
(b) If J is a left ideal in A, then clA(J) ∩ B is a closed left ideal in B.
(c) If I is a left ideal in B, then clA(I) is a closed left ideal in A.
(d) If I is a closed left ideal in B and B has left approximate units, then
I = clA(I) ∩ B.
Proof. (a). Let a ∈ A and b ∈ clA(J). Then there exists a sequence (bn)n∈N in
J such that limn→∞ pℓ(bn− b) = 0, for each ℓ ∈ N. Since pℓ is submultiplicative,
thus
pℓ(abn − ab) ≤ pℓ(a)pℓ(bn − b).
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Thus limn→∞ abn = ab, in the topology of A. Since abn ∈ J for all n ∈ N, it
follows that ab ∈ clA(J). This gives the implication (a).
(b). By (a) it is clear that clA(J) ∩ B is a left ideal in B. We prove that
clA(J) ∩ B is closed. Let (an)n∈N be a sequence in clA(J) ∩ B and a ∈ B such
that limn→∞ an = a, in the topology of B. Thus limn→∞ qm(an − a) = 0, for
every m ∈ N. It follows that (an)n∈N tends to a, in the topology of A. Since
clA(J) is closed in A, it follows that a ∈ clA(J). Consequently clA(J) ∩ B is a
closed left ideal in B.
(c). Let a ∈ A and b ∈ clA(I). Hence there exists a sequence (bn)n∈N in I
such that limn→∞ bn = b, in the topology of A. So limn→∞ pℓ(bn − b) = 0, for
each ℓ ∈ N. Since B is dense in A, there exists a sequence (cn)n∈N in B such that
limn→∞ cn = a, in the topology of A. Consequently limn→∞ pℓ(cn − a) = 0, for
each ℓ ∈ N. Moreover we have
pℓ(cnbn − ab) ≤ pℓ((cn − a)bn) + pℓ(a(bn − b)))
≤ pℓ(cn − a)pℓ(bn) + pℓ(bn − b)pℓ(a).
Since (bn)n∈N is a bounded sequence in A, the right hand side of the above
inequality tends to zero and so (cnbn)n∈N tends to ab, in the topology of A,
which implies that ab ∈ clA(I). Thus the result is obtained.
(d). It is clear that I ⊆ clA(I) ∩ B. We prove the reverse of the inclusion.
Suppose that a ∈ clA(I)∩B. For each ε > 0 and m ∈ N, there exists u ∈ B such
that qm(a−ua) < ε/2. Since a ∈ clA(I), we can find a sequence (an)n∈N in I such
that limn→∞ an = a, in the topology ofA. It follows that limn→∞ pℓ(an−a) = 0,
for each ℓ ∈ N. Moreover there exist ℓm, nm ∈ N and Mm > 0 such that
qm(uan − ua) = qm(u(an − a)) ≤Mmpℓm(an − a)qnm(u).
Consequently limn→∞ qm(uan − ua) = 0, for each m ∈ N. Thus there exists
Nm ∈ N, such that qm(uaNm − ua) <
ε
2
, and so qm(uaNm − a) < ε. Since I is
closed in B, thus a ∈ I. This completes the proof. 
Corollary 3.9. Let (B, qm)m∈N be a symmetric Segal Fre´chet algebra in Fre´chet
algebra (A, pℓ)ℓ∈N such that (B, qm)m∈N has left approximate units. If I is a
closed left ideal in B, then there exists a closed left ideal J in A such that I =
J ∩ B. In fact J = clA(I).
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